We study the weighted Fermat-Torricelli problem for tetrahedra in R 3 and solve an "inverse" problem by introducing a method of differentiation. The solution of the inverse problem is the main result which states that: Given the Fermat-Torricelli point A 0 with the vertices lie on four prescribed rays, find the ratios between every pair of non-negative weights of two corresponding rays such that the sum of the four non-negative weights is a constant number. An application of the inverse weighted Fermat-Torricelli problem is the strong invariance principle of the weighted Fermat-Torricelli point which gives some classes of tetrahedra that could be named "evolutionary tetrahedra".
Introduction
The Fermat-Torricelli problem is to find the (unique) point that minimizes the sum of distances from three given points in R 2 . Chapter 2 in [1] and [2] offer an exposition to the subject. A unified approach of the weighted Fermat-Torricelli problem in the plane, two-dimensional sphere and two-dimensional hyperboloid is given in [5] . For a unified approach to geometric properties of the Fermat-Torricelli point of four affinely independent points, we refer to [3] and for n affinely independent points in [2] . In this paper, we provide a new method, in order to study the weighted Fermat-Torricelli problem for tetrahedra in R 3 and solve an "inverse" problem by differentiating some geometric relations for tetrahedra with respect to specific dihedral angles. The existence of some classes of tetrahedra named "evolutionary tetrahedra" is a result from the strong invariance principle that possesses the weighted Fermat-Torricelli point. The inverse problem cannot be solved by the numerical method that was introduced by E. Weiszfeld in [4] , in order to find the weighted Fermat-Torricelli point for n non-collinear points, because it calculates the orthogonal coordinates (x, y, z) of the generalized weighted Fermat-Torricelli point.
The weighted "Fermat-Torricelli" problem for a tetrahedron
We start by stating the problem for a tetrahedron A 1 A 2 A 3 A 4 in R 3 . A proof of a more generalized version of Theorem 1 exists in [2] .
Problem 1. Let
Solution of Problem 1. The independent variables a 1 , a 2 , α will be used, in order to find A 0 , where α is the dihedral angle between the planes A 0 A 1 A 2 and A 3 A 1 A 2 (see Fig. 1 ). The variables a 3 , a 4 can be expressed as functions of a 1 , a 2 and α:
From (2.1) and (2.2) the following equation is obtained:
By differentiation of (2.3) with respect to the variables a 1 , a 2 and α we get We proceed by calculating Eq. (2.6).
We express a 3 as a function of a 1 , a 2 and α by using the following equations: (see Fig. 1 ). We express a 4 as a function of a 1 , a 2 and α by using the following equations: and get
The following relations are derived by working cyclically with variables a i , a j and α(
is the dihedral angle between the planes A 0 A i A j and A k A i A j .
. Other equations can be expressed from (2.25), like
where H i,lkj is the distance from A i to the plane Special cases are tetrahedra with equal non-negative weights and regular tetrahedra with unequal non-negative weights.
The inverse weighted Fermat-Torricelli problem
Problem 2. Given the Fermat-Torricelli point A 0 with the vertices lie on four prescribed rays, find the ratios between the non-negative weights
, i, j = 1, 2, 3, 4 such that:
This is the inverse weighted Fermat-Torricelli problem for tetrahedra in R 3 . sin(α 3, 102 ) .
Proposition 1. The weighted Fermat-Torricelli point of a tetrahedron
We denote by α i, j0k the angle that is formulated by the line segment that connects A 0 with the trace of the orthogonal projection of A i to the plane
Similarly, by applying the volume formula for tetrahedra A 0 A i A k A l in (2.25) and using the orthogonal projection of a i , a j on the plane A 0 A k A l , we get 
For example, we will calculate the ratio
, by taking into account the following inner products: 
